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Abstract 

We study the generation of neutrino masses in the SU(3)w electroweak unified 
theory in M4 x S\/{Z2 x Z' 2 ) spacetime. By appropriate orbifolding, the bulk sym- 
metry SU(3)w is broken into SU(2)l x U(1)y at one of the fixed points, where 
the quarks reside. The leptons form SU(3)w triplets, localized at the other sym- 
metric fixed point. The fermion masses arise from the bulk Higgs sector containing 
a triplet and an anti-sextet. We construct neutrino Majorana masses via 1-loop 
quantum corrections by adding a parity odd bulk triplet scalar. No right-handed 
neutrino is needed. The neutrino mass matrix is of the inverted hierarchy type. 
We show that the model can easily accommodate the bi-large mixing angle solution 
favored by the recent neutrino experiments without much fine tuning of parame- 
ters. The constraints from [i — > 3e transition and neutrinoless double (3 decays are 
discussed. 



PACS numbers: 11.25.Mj; ll.10.kk; 14.60.st 



1 email: chchang@phy.ntnu.edu. tw 
2 email: wfchang@triumf.ca 
3 email: misery @triumf.ca 



1 Introduction 



Recently a five dimension (5D) field theory on the orbifold Si/ (Z 2 x Z' 2 ) with bulk SU(3)w 
gauge symmetry was proposed to unify the electroweak gauge symmetries of SU{2) L 
and U(l)y [U [21 E] This is a higher dimension version of an earlier proposal [3]. The 
background geometry of the fifth dimension denoted by y is a circle Si with radius R 
moded out by two parities and has two fixed points at y = and y = txR/2. At each fixed 
point a brane is located. The brane at y = is SU (3)w symmetric. On the other hand the 
one at nR/2 is not. This is achieved by orbifold boundary conditions. However, on the 
second brane SU(2)l x U(1)y still holds and it is broken by the usual Higgs mechanism. 
This unified theory gives a prediction of sin 2 6 W = 0.25 at the tree level. The discrepancy 
with the observed value at Mz of sin 2 9w(Mz) = 0.23 can be accounted for by the coupling 
constant running from the cutoff scale M* to Mz- Electroweak unification scale at a few 
TeV was found to be phenomenologically viable |3] . 

It is well known [4 that the SM doublet and singlet right-handed chiral lepton can be 
embedded into a SU(3)w triplet as given below [Hj 



On the other hand, the hypercharges of the quarks are too small for similar embedding 
into SU(3)w multiplets. This suggests that the leptons and quarks be located at different 
fixed points in y |UJE]- Thus, the leptons can be located in the SU(3)w symmetric brane 
at the Z 2 fixed point y = or in the SU(3)w symmetric bulk. For definiteness we focus on 
the brane lepton case. Since the quarks do not form complete multiplets they can only be 
placed on the SU(2) x U(l) brane which is at the Z' 2 fixed point y = ttR/2. This intriguing 
set up of leptons points to a violation of the usual additive lepton number conservation 
scheme. It is more akin to the forgotten Konopinski-Mahmoud [7] assignments. Coupled 
with recent progress in orbifold field theories, new possibilities of studying neutrino masses 
are now opened. With the lepton number violation, radiatively generated neutrino masses, 
similar to the proposal in the Zee model [B|, are possible in this scenario. In extra 
dimensional models, it is customary to employ one or more right-handed SM singlet bulk 
field to generate a small Dirac neutrino masses We shall demonstrate here that 
using only the minimal number of chiral fermions contained in the SM and appropriate 
orbifolding, phenomenologically viable neutrino mass model can be constructed. Since no 
right-handed neutrinos are introduced, our construction is fundamentally different from 
the seesaw mechanism. 
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2 The 5D SU(3) W Electroweak Model 



We reiterate that the model we study has only the minimal SM chiral matter fields 
and bulk SU(3)w gauge symmetry. However, the Higgs fields are drastically different 
and will be discussed in detail later. The extra dimensional space is flat with orbifold 
compactification of S\/[Z 2 x Z' 2 ). This means that the fifth dimension is the compactified 
space Si of range [— ttR, tcR] moded out by two parities Z 2 and Z' 2 . Under Z 2 we have 
y <^ — y and y — is clearly a fixed point. Now relabel the coordinate as y' — y — nR/2 
and consider y' G [— nR/2, nR/2}. The the second Z 2 is the transformation y' <^ —y'. This 
has fixed points at y = 0,ttR/2. The combination of the two Z 2 mappings is equivalent 
to the mapping y <^> y + ttR which is a twist. These parities can be used to break the 
symmetry of the field theory by projecting out even or odd Kaluza-Klein states under Z 2 
or Z' 2 PO] • This will be explicitly shown later. Having defined the geometry we now place 
the leptons families at y — and the quark families are located y = nR/2. 

Next, we list the bulk Higgs fields we require. First we need a triplet Higgs 3 in order 
to give lepton masses via Yukawa interactions. However, the resulting charged lepton 
masses are not realistic and an antisextet 6 has to be employed 3\. For reasons which 
will be made clear later we also need a second 3. These bulk fields are represented by 
3-columns 03, 0' 3 and a symmetric 3x3 matrix 06 and the bar is dropped for notational 
simplicity. The difference between 3 and 3' is their parity assignments. We use 3x3 
matrices P, P' to denote respectively their parities under Z 2 and Z 2 . 

Uy) = PU-y), My') = P'M-y'), 

<t>' 3 (y) = P<j>' 3 (-y), <P' 3 (y') = -P'fo(-y'), 

My) = PM-v)P~\ My') = -P'M-y')^ 1 - (2) 

P and P' are chosen to break bulk SU(3)w symmetry properly, 
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P = 1 , P' = 1 . (3) 
\ 1 / \ -1 / 

With the above assignments, the components of the Higgs multiplets and their parities 
are 
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They are not used to break the SU(3)w symmetry spontaneously. Instead they play 
the role of generating fermion masses. The parities given above is engineered to give 
a reasonable mass pattern for the leptons in the lowest order. Under the assignment, 
only the parity positive 0| and 0{ 13 } could develop nonzero vacuum expectation value 
(VEV) and generate the charged lepton masses. This is the central ingredient in orbifold 
treatments of the flavor problem. To see this more clearly we need to construct the 5D 
Lagrangian density which is invariant under SU(3)w and the orbifold symmetry. It is 
given by 



l G%G^ MN + Tr[{D M <j> & )\D M <j>,)] + {D M 3 ) 1 \D M 3 ) + M) f M 
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+S(y) 
-V U 



>M* 



m 



i>3 0603 + H.c. + quark sector. 



(6) 



The notations are self explanatory. The cutoff scale M* is introduced to make the coupling 
constants dimensionless. In the literature, the strong coupling requirement is usually 
employed to fixed the ratio M*R pa 100 (see, for example, pQ). The quark sector is not 
relevant now and will be left out. The complicated scalar potential is gauge invariant and 
orbifold symmetric and will not be specified. 
The 5D covariant derivatives are 
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m<Pg 



^Af03 = (5M+^ / T a )0 3 , 

9 A/ 6 + ig'[A a M T a ^ + MA a M T a ) T ] 



(7) 



with generator T a 



|A a . The gauge matrix Am 



A a M T a is: 
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The parities of gauge field are assigned as: 



PAJ-y)P-\ A,(y') = P'AJ-y')P 



1-1 



/' 

1-1 



0,1,2,3 



Mv) 

Mv) = -PM-v)P~\ My') = -P'A,{- y ')p'-\ (10) 

Explicitly, U, V are assigned (+, — ) parities and their Kaluza-Klein decompositions are 



n=0 



2n+l, 



x cos ■ 



(2 n + l)y 
R 
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It can be seen that their wavefunctions vanish at the fixed point y = {txR/2) where quarks 
live on. They have no zero modes and their masses are naturally heavy and of order 1/R. 
The remaining; entities A 3 ,^ 8 ,^ are endowed with even parities (+, +) and have zero 
modes and they decompose as 



x) cos 



n=l 



2ny 
~R 



(12) 



The zero modes are identified as the SM gauge bosons. The bulk Lagrangian still respect 
a restricted SU(3)w gauge symmetry with the gauge transformation parameters obeying 
the same boundary condition as the gauge fields. Hence, at the fixed point y = (jcR/2) 
the gauge symmetry SU(3)w is reduced to SU{2) L x U(l)y, allowing for the existence of 
quarks. The 4D effective Lagrangian can be obtained from Eq. © by integrating out y. 
In particular, we have the following gauge interactions 



Cr. 



w 



\ / 2irM*R _ 



-—^e R Al + y/2el^v L T- + H.c. 



(13) 



and for the KK modes, there is a \/2 enhancement factor. The 5D gauge coupling g' is 
now related to the SU(2) gauge coupling g at low energy as ^J , M „ R = ^75 ■ It is important 
to note that we also have the following interaction 
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uv 



VnM*R 



V2~: 



n fx 



H.c. 



(14) 



which can induce spectacular lepton number violating effects. The superscripts on U and 
V denotes their respective charges. 

It can be seen from Eq. (jlj) and Eq. (j3J) that only the SU(2) l doublets in 3 and 6 and 
the SU{2)l singlet in 3' have zero modes. Parities and charges allow for the bulk fields 3 
and 6 to develop vacuum expectation values but not the 3'. Hence, we have 



3/2 



V2 





(15) 



A linear combination of the SU(2) l doublet in the 3 and the 6 then breaks the SM gauge 
symmetry. Then the tree level W boson mass is given by 



M 2 W 
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The charged lepton mass matrix in the basis of (e, /i, r) can be expressed as: 

,3/2 / ff 2 

e R ,^R,T R ) -fl 2 



V2M 
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f ex \ 











+ -^=(^,^,75)1 /f 2 /| 2 /| 3 I I fi L \+H.c, (17) 
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Eq. (fT7|) shows clearly that 3 alone gives the wrong mass pattern. The correct masses 
will require a detail numerical study of the Yukawa couplings and which is beyond 
our scope now. It suffices to note that a correct hierarchy for the charged lepton masses 
requires {fovz/ f§v§) < 0.1. Thus, to a good approximation, the charged lepton mass 
matrix is dominated by the 6 : 

M w /£ M] 



Mi, ~ = ; ^ — , y 6 3/2 V^R ~ ^Vvri? ~ v Q = 250GeV. 



^v 7 ^ VnRM* g 
Next, we turn our attention to neutrino masses. 



3 5D Model of Neutrino Masses 

The parities given in Eq. (0J) and Eq. (jSJ) disallow 0| 22 } from developing a VEV and nat- 
urally forbid tree level neutrino masses. However, the model naturally generates neutrino 
masses via 1-loop quantum effects. The 4D effective interaction of the brane neutrinos 
and the bulk Higgs fields are given by the Yukawa terms of Eq. (JHJ ■ It is 

(19) 

where n is the KK-number and there is a \/2 factor enhancement for nonzero modes. 
Immediately, we notice that the extra space volume dilution factor \fnRM* naturally 
show up to suppress the Yukawa couplings. The Feynman rules for these vertices are 
depicted in FigJU 

The next important ingredient is the 3 3' 6 term in Eq.(JBJ). It is this term that 
violates the usual additive lepton number conservation and makes the 1-loop Majorana 
mass possible. The effective Higgs mixing is derived to be 



V2m 



where indices p, q and r stand for the KK numbers which satisfy |p±g±r| = 0. When one 
of the fields develops a VEV it is replaced by m(t>^/2M*) 1//2 . These interactions induce 
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Figure 1: The Feynman rules for the lepton Higgs couplings, i,j are the flavor indices, 
ffj = —f^, fij = ffi, n is the KK number and k n = 1 for n = and k n = \/2 for n ^ 0. 
For 3', simply substitute the by f$. 

<$> <<&> m 

» '' » >< »' ' > ' ' > )< > '' ' » ' « )< ' ' ' 

v Lj e Rk e Lk u Li v L j e Rk e Lk v Li v L j e Lk e Rk u Li 

(a) (6) (c) 

Figure 2: The 1-loop neutrino mass through (pj(pe4 > 3 coupling. 

three possible 1-loop diagrams for generating neutrino Majorana masses, see FigEl The 
neutrino mass matrix is necessarily Majorana since only left-handed neutrinos exist in 
this model. 

We first observe that the dominant contribution comes from Fig|2f a) which is mediated 
by two Higgs zero modes. This by itself gives a neutrino mass matrix which is Zee model 
like jH] in its structure assuming the charged lepton mass matrix is diagonal. We can do 
this without loss of generality and including charged lepton rotations will only complicate 
the formulae without adding new insights to the physics. 

Without further ado, the elements of the neutrino mass matrix calculated from this 
diagram is 

{ )ij 16tt 2 (nRM*)V2M^ V M " ~ M " M " 

where m k is the mass of charged lepton-/c and Mi,M 2 are the masses of /i 3 + and 4>^ 2 3}- 
Substituting the for lepton masses we get to the first order a neutrino mass matrix 
that is Zee model like: 

167T 2 M w (irRM (M x -M 2 \ f s {rr £_ ml) /^^J) 

(21) 
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If the Yukawa couplings observe the following hierarchy 

/; 3 2 :/; 3 3 :^~l:e: e 2 , e = 

then it leads to bi-maximal mixing of neutrinos ^T] which is close but do not explain the 
recent data It can serve as the leading order approximation to a more realistic mass 
matrix. With the volume dilution factor, it is very natural to have a small neutrino mass. 
As an example, the following parameter set, 

(ixRM*) ~ 100.0, M 2 ~ 300GeV, M 1 ~ 900GeV, m ~ 250GeV, f 3 2 = -0.026. (22) 

gives the mass scale for neutrinos m v \ ~ 0.06 eV. We have normalized the Yukawa coupling 
with M w , so that l/^l = 0.026 is not unnatural compared with f® T ~ 0.04. Also, it has 
nothing to do with charged lepton masses and is basically a free parameter. 

The model has a natural perturbation to the Zee mass pattern. They come from 
the diagrams of Fig[2fb,c). Because they involve KK-Higgs running in the loop, these 
diagrams are expected to be smaller compared to FigJ2(a). Diagram-(c) gives the same 
structure as diagram- (a) but suppressed by the KK masses, M {c) ~ 2M 2 R 2 M {a \ where 
M represents the mass of zero mode Higgs boson in diagram- (a). Diagram- (b), on the 
other hand, exhibits different structure and hence can give the perturbation needed to 
account for the data. The contribution from diagram- (b) can be calculated from the 
previous calculation Eq. (|2l)p by replacing / 6 with f 3 , substituting the zero mode masses 
by n— th KK masses, and inserting the factor (V2) 2 for the normalization of KK modes: 

M® ~ - mV ° R2 x 

4vr 2 {tcRM*) 3 / 2 

2(A 3 2 /;?m, + /:t/ 3 > T ) (jy^ + f?A)™ T um + /2/i.k \ 

(ffJsl + fM2)m T 2(/| 1 /> e + fifl 2 m T ) + flfl,)m e . (23) 

(/i 2/2:1 + JZlV">, (flxf'il + .tiJV>»< ^fiJ^m e + f'iflm,) J 

For simplicity, we only include the contribution from n = 1 KK states. Assuming that ff- 
is nearly diagonal the six couplings f 3 , f' 3 can be adjusted to fit the neutrino oscillation 
data. As a first step, we find that to fit all the data, including the recent KamLAND 
result [13], the couplings f 3 , f 3 have a pattern. We propose the following parameter set: 

{filf'ilf'i} = 0.026 x{-l,0.75e,0.5e}, 

{/i2-./i- i -./2-J = 0.090 x {-0.1,-0.1,1.0}. (24) 

Here we take 1/R = 2 TeV PQ and keep the other parameters the same as in Eq.(|22|). It 
produces the following neutrino mass matrix 

/ 0.420 1.0 0.922 \ 
M v ~ 1.0 0.097 -0.464 x 0.0441 (eV). (25) 
\ 0.922 -0.464 0.006 / 
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Figure 3: The tree level diagram for fi — > 3e induced by (a) the off diagonal couplings of 

03 and (b)the KK U +2 gauge boson. 

This translates into 9 12 = 36.6°, #23 — 42.4°, sin # 13 = 0.064, for the neutrino mixing angles 
in standard notation, and AM = 7.3 x 10" 5 (eV) 2 and AM atm = 3.4 x 10~ 3 (eV) 2 , for 
mass square differences. This pattern is close to the phenomenologically studied inverted 
mass hierarchy with large mixing angle solution to the solar neutrino problem given in 

It is interesting that the model we constructed is naturally of the inverted hierarchy 
kind and a mass at .06 eV without excessive fine tuning of parameters. It is interesting 
to note that the model cannot accommodate the normal hierarchy even with fine tuning. 

4 Rare fi Decays 

The model has lepton number violating gauge interactions (see Eq.([TI|) ) as well as Higgs 
interactions. The latter arise because the charged leptons get their masses from the VEV's 
of both the 3 and the 6 as given in Eq.(fT7|). Diagonalization of A4i ep t in general does not 
separately diagonalize the matrices f 3 or f 6 . If we denote the bi-unitary rotations that 
diagonalize M.i ep t by Ul/r, the interaction of neutral Higgs boson with the charged lepton 
mass eigenstates is 



In our scenario, we assume that v% ~ vq and the charged lepton mass hierarchy is due to 
f 3 <C / 6 which admittedly is fine tuning. The U rotations approximately diagonalize the 
f 6 matrix. Hence, the only flavor changing neutral current comes from the 3 and will be 
suppressed by f 3 / f 6 . 

Consider the rare decay jj, — > 3e. It can proceed through neutral Higgs exchange or the 
doubly charged KK gauge boson as seen in Fig.®. 
We estimate the contribution due to 0° to be given by 



where we have used (nRM*) = 100.0. Without taking account of the suppression of 
mixing, and smallness of Yukawa couplings this estimate is already way below the 
current experimental bound, Br(n — > 3e) < 1 x 10~ 12 |To]. 




(26) 




(27) 



8 



The contribution of U ±2 can be gleamed from Eq.([14p. We note that in the limit of 
f 3 = the mass matrix of charged leptons is symmetric which totally comes from the 
VEV of Higgs sextet. In that limit, Ul = and there is no FCNC medicated by doubly 
charged U ±2 boson, namely 

PIUS)* = 

When the Yukawa coupling of Higgs triplet is turned on, we expect the off-diagonal 
couplings are proportional to (/ 3 // 6 ). Thus, we can give an order of magnitude estimate 
for the branching ratio 

2Jr(A*-3e) \^UlW R ) ee {UlU* R ),e? ff 



(RM w f J — <1(T". (28) 



Thus this decay can be suppressed by either the compactification scale and/or the ratio 
fa/ fe- The compactification scale is usually determined by requiring the coupling constant 
running between M* and Mz gives the correct prediction of sin 2 Ow(Mz)- For non- 
supersymmetric version, M c is predicted to be a few TeV There is not much room 
to maneuver. To stay below the experimental bound will require f%/ f$ < 6 x 10~ 4 or 
a special Yukawa pattern which leads to small fi — e mixing after mass diagonalization. 
However, for the supersymmetric scenario, M c could be as large as 100 TeV [6.J, though 
the exact number depends on the detail of sparticle spectrum. 



5 Neutrinoless double beta decays 

Neutrinoless double beta decay is an important tool in the study of neutrino masses. A 
recent analysis taken into account all the recent neutrino data is given in J7|. For our 
model there are three possible sources that can lead to the decay: 

1. The first entry in the Majorana neutrino mass matrix 

2. The triple coupling of W~W~(f>^y 

3. The triple coupling of W~W-U +2 

These are depicted in Fig. HJ 

Now we can argue that only the one through neutrino mass is important. The six 
fermions operator responsible for the process is (ud)(ud)e c e and the coefficient associated 
with can be estimated. From the neutrino mass term we have 

G(a) MW) (29) 
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Figure 4: The tree level diagram for 0i//3/3 decays through (a) neutrino Majorana mass 
and the mediation of KK modes of (i>)<j>{n} Higgs boson and (c) U~ 2 gauge boson. 

where p is the momentum transfer in this process, and similarly we have 

G '« ~ Tii, (R > ( tjw) {^) = ,J < 30) 

n 9 2 / r}2\ ( 9(p) \ / v a(p) r4 rm\ 

G(c) ~ A^ {R) {l/R 2 ) i9)=9 ~W (31) 



for diagram (b) and (c). So their relative size compared to diagram(a) are 

~ i^)M^)R\ „ ^A )M ^)R\ (32) 

Where (p 2 ) is around the order of 10 3 — 10 4 (MeV) 2 , m u ~ 0.06eV, and taking ~ 2TeV 
as example, we have the ratios: 

gw^exKr 6 , ^~2.5xl(n 3 . (33) 

G(a) G( a ) 

Thus, the neutrinoless double beta decays rate is mainly controlled by the (11) component 
of neutrino mass matrix. Due to the charged lepton mass suppression, the contribution 
from the physical charged Higgs bosons can be ignored. The example we have given in 
Eq.(|25|) has mu ~2x 10 _2 eV. This is well within the current experimental limit of [16J 

\(m v }\= (o^+^eV. 

Interestingly this may be within reach of the next generation of these experiments. 

6 Conclusions 

We have investigated neutrino masses in the framework of brane world scenario with 
SU(3)w bulk symmetry and orbifold symmetry breaking. Since the leptons are localized 
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on a brane and form a complete triplet, the masses of the charged leptons call for the use 
of 3 and 6 Higgs boson when Yukawa interactions are employed. However, the necessary 
fine tuning of Yukawa couplings is not explained by the model and is no better understood 
than in the SM. One possible way to rationalize the charged lepton mass hierarchy is to 
incorporate the split fermion[T%] with this model which is beyond our scope now. To 
generate neutrino masses via orbifold mechanism we have to introduce another triplet, 
3' , which is odd under the Z' 2 parity. This is a scalar field and do not develop VEV. 
In this way the neutrino masses arise from a 1-loop process. The overall scale is in the 
0.01 eV range. Here the suppression comes from the loop integration, the bulk volume 
dilution and the smallness of Yukawa couplings, required since the charged lepton masses 
are small compared to the weak scale. No other fine tuning is required. The mass pattern 
we obtained is of the inverted mass hierarchy type. At the 1-loop level the dominant 
structure of the neutrino mass matrix is Zee model like. However, unlike the Zee model 
the diagonal elements are not vanishing but only subleading. This is due to the fact 
that they arise from virtual KK particle exchanges. They have the effect of inducing a 
perturbation to the dominant structure and gives the necessary perturbation in order to 
account for the data ^3]. The unknown parameters here are the Yukawa couplings of 
the 3 and 3' . Since they are not involved with charged lepton mass generation, which is 
assumed to be done mainly by a diagonal Yukawa couplings of the 6 , these parameters 
are not constrained. We found that all the current neutrino oscillation data can be easily 
accommodated. One possible pattern was given in Eq.f|24p. We digress here for the need 
to introduce 3' . Actually 3 could play the role of 3' in all the loop diagrams. However, 
the triple scalar term 3 6 3 is odd under Z 2 x Z' 2 . Even if we allow for such terms, we 
cannot generate a correct MNS neutrino mixing matrix jT3] . 

Returning to our model, it predicts a small neutrinoless double decay rate which can 
be seen from the neutrino mass matrix. This comes from an overall scale discussed above 
and a small (11) element of the neutrino mass matrix. Our solution also indicated a small 
value for U e 3 = 0.064 of the MNS matrix ^5] and a small m ue ~ 0.06eV which is well below 
the upper bond m ue < 2.2eV from tritium beta decay [211] • In the course of this study we 
find no solution that accommodates the data with a normal mass hierarchy. Indeed this 
is a generic feature of this scenario. Although we have not achieved an understanding of 
charged lepton masses our modest attempt in building a model for the masses of brane 
neutrinos is nevertheless interesting since no right-handed neutrinos are introduced. It is 
an alternative to the current models of neutrino masses either in four or higher dimensions. 

Viewed in the usual additive lepton number picture, this model has many sources that 
can lead to lepton flavor violating neutral current processes. These include KK modes 
of the bulk Higgs as well as doubly charged gauge bosons originating from the SU(3)w 
symmetry. Since unification and compactification is to take place at the TeV region we 
expect /i — > 3e to occur not far from the current experimental limit. There are many other 
phenomenologically interesting signatures in the production and decay of these particles. 
As an example the U~ 2 particle can be produced in a e~e~ collider as a resonance. It 
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then decays into Ulj pair predominantly. The quark decay modes are absent since they 
are located on an SU(2) xU(l) brane. Furthermore the two W~ channel is forbidden by 
KK number conservation. We can also have — > W~V~ , where the V~ behaves as an 
exited W. Many such phenomena will be reserved for future study. 
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